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Abstract. Studying ceratin combinatorial properties of non-unique
factorizations have been a subject of recent literatures. Little is
known about two combinatorial invariants, namely the catenary
degree and the tame degree, even in the case of numerical monoids.
In this paper we compute these invariants for a certain class of nu-
merical monoids generated by generalized arithmetic sequences.
We also show that the difference between the tame degree and
the catenary degree can be arbitrary large even if the number of
minimal generators is fixed.
Keywords. Numerical monoids, Tame degree, Catenary degree
2010 Mathematics Subject Classification. 20M13
1. Introduction
Various aspects of non-unique factorizations in integral domains have
been a subject of researchers in recent years. There are several arith-
metic invariants that measure the behavior of non-unique factorizations
in integral domains. Early works on the behavior of non-unique factor-
izations in integral domains were focused on the length of irreducible
factorizations of an element. Delta sets and the elasticity are some of
these invariants that measure how far an integral domain or monoid
is from being factorial or half-factorial (i.e., all the irreducible factor-
izations of an element have the same length). In recent years other
invariants which have close relations with the distance between irre-
ducible factorizations have been appearing in literatures. The catenary
degree and the tame degree are such invariants. The monograph of
Geroldinger and Halter-Koch [10], the recent survey [11] and [9] are
good references for studying the catenary degree and the tame degree
in commutative cancellative monoids.
Throughout N will be the set of non-negative integers. A numerical
monoid is a submonoid of N (that is closed under addition) which
contains 0 and its complement in N is finite. Every numerical monoid
is necessarily finitely generated and has a minimal set of generators. For
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a set {n1, . . . , np} of increasing positive integers, the numerical monoid
generated by ni’s is 〈n1, . . . , np〉 := {
∑p
i=1 zini|zi ∈ N, i = 1, . . . , p}.
Delta sets of numerical monoids were studied in [1, 3], and it is shown
that in numerical monoids generated by arithmetic sequences, Delta
sets reduce to a single element. This element is the difference between
two consecutive elements of the arithmetic sequence. Also in [7] it
is shown the elasticity of a numerical monoid equals the quotient of
the largest by the smallest minimal generator. For numerical monoids
generated by an arithmetic sequence the catenary degree and the tame
degree were determined in [4].
In this paper we consider numerical monoids generated by gener-
alized arithmetic sequences, that is numerical monoids of the form
S = 〈a, ha + d, . . . , ha + xd〉, where a, h, x, and d are positive inte-
gers and gcd(a, d) = 1. This class of numerical monoids contains all
numerical monoids generated by arithmetic sequences. We explicitly
compute their catenary and tame degrees. As a result we show that
the difference between the tame degree and the catenary degree can be
arbitrary large even if the number of minimal generators is fixed. From
[[10], Example 3.1.6] it is known that
c(S) ≤ t(S) ≤
g(S) + np
n1
+ 1,
where c(S) and t(S) are the catenary degree and the tame degree of S
and g(S) is the Frobenius number of S (i.e. the largest positive integer
not belonging to S). For numerical monoids generated by generalized
arithmetic sequences we show that the difference between c(S) and
(g(S)+np)/n1+1 can be arbitrarily large. Moreover, t(S) can be c(S)
or ⌊(g(S) + np)/n1 + 1⌋ and all of these things can happen even if the
number of minimal generators is fixed.
For general theory of numerical monoids we refer the reader to [15].
Other aspects of numerical monoids generated by generalized arith-
metic sequences are studied in [2], [13], [14], [16], [17]. We mainly use
a membership criterion presented in [14]. Computing some combina-
torial invariants of numerical monoids, or more generally commutative
cancellative monoids such as the elesticity and the tame degree requires
us to determine the set of irreducible elements of a congruence related
to the monoid [6]. All the results in this paper have been tested with
the Numericalsgps package of GAP [8].
Notation 1.1. For a rational number r by ⌈r⌉ we mean the least integer
bigger than or equal to r and by ⌊r⌋ we mean the greatest integer less
than or equal to r. Also (m mod n) means the reminder of quotient
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of the integer division of m by n where m,n ∈ Z. For integers a, b, and
c by a ≡ b(modc) we mean that a− b is divisible by c.
2. Preliminaries
Suppose that S is a numerical monoid which is minimally generated
by {n1, . . . , np}. Each ni is called an atom and {n1, . . . , np} is called
the set of atoms of S and is denoted by A(S). Define a partial order
≤S on S by declaring a ≤S b if b− a ∈ S. The factorization morphism
of S is
ϕ : Np −→ S, ϕ(z1, . . . , zp) = z1n1 + . . .+ zpnp.
Then S is isomorphic to Np/σ, where aσb if ϕ(a) = ϕ(b). The set of
factorizations of n ∈ S is defined by
Z(n) = ϕ−1(n) = {(z1, . . . , zp) ∈ N
p|z1n1 + . . .+ zpnp = n}.
If z = (z1, . . . , zp) is a factorization of n, then the length of z is
|z| = z1 + . . .+ zp. The set of lengths of n is defined by
L(n) = {|z|
∣∣ z ∈ Z(n)} ⊂ N0.
Also the support of z is defined by
supp(z) = {i ∈ {1, . . . , p}|zi 6= 0}.
For z = (z1, . . . , zp), z
′ = (z′1, . . . , z
′
p) ∈ N
p we set
gcd(z, z′) = (min{z1, z
′
1}, . . . ,min{zp, z
′
p}),
z
z′
= z − z′.
The distance between z and z′ is defined by
d(z, z′) = max
{∣∣∣ z
gcd(z, z′)
∣∣∣, ∣∣∣ z′
gcd(z, z′)
∣∣∣}.
For two nonempty subsets X and Y of Np we define the distance be-
tween X and Y as follows
d(X, Y ) = min{d(x, y)|x ∈ X, y ∈ Y }.
If X = {x} then we use d(x, Y ) instead of d(X, Y ).
Let n ∈ S and z, z′ ∈ Z(n). Then an N−chain of factorizations from
z to z′ is a sequence z0, . . . , zk ∈ Z(n) such that z = z0, z
′ = zk and
d(zi, zi+1) ≤ N for all i. The catenary degree of n, c(n), is defined as
the least non-negative integer N such that for any two factorizations
z, z′ ∈ Z(n), there is an N -chain from z to z′. The catenary degree of
S is defined by
c(S) = sup{c(n)|n ∈ S}.
Two elements z and z′ of Np are R-related if there exists a sequence
z = z0, . . . , zk = z
′ in Np such that supp(zi) ∩ supp(zi+1) 6= ∅, for
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every i ∈ {1, . . . , k−1}. As the number of different factorizations of an
element n ∈ S is finite, so is the number of different R-classes of Z(n).
Let n ∈ S and let Rn1 , . . . ,R
n
kn
be the different R-classes of elements
in Z(n). Set µ(n) = max{rn1 , . . . , r
n
kn
}, where rni = min{|z|
∣∣z ∈ Rni }.
Define
µ(S) = max{µ(n)
∣∣n ∈ S and kn ≥ 2}.
Theorem 2.1 ([5], Theorem 3.1). Let S be a numerical monoid. Then
c(S) = µ(S).
Let n ∈ S. For i ∈ {1, . . . , p} we set Zi(n) = {(z1, . . . , zp) ∈
Z(n)|zi 6= 0}. Suppose that n − ni ∈ S for some i ∈ {1, . . . , p}. We
define
ti(n) = max{d(z,Z
i(n))|z ∈ Z(n)}.
Setting
t(n) = max{ti(n)|n− ni ∈ S, 1 ≤ i ≤ p},
and
ti(S) = max{ti(n)|n− ni ∈ S}, i = 1, 2, . . . , p,
we define the tame degree of S by
t(S) = max{t(n)|n ∈ S} = max{ti(S)|i = 1, 2, . . . , p}.
It is clear from definitions that c(n) ≤ t(n) ≤ max L(n).
For a, b ∈ S let ω(a, b) be the smallest N ∈ N0 ∪ {∞} with the
following property:
• For all n ∈ N and a1, . . . , an ∈ S, if a = a1+ . . .+an and b ≤S a
then there exists a subset Ω ⊂ [1, n] such that |Ω| ≤ N and
b ≤S
∑
ν∈Ω
aν .
Note that if b S a, then set ω(a, b) = 0. For b ∈ S we define
ω(S, b) = sup{ω(a, b) | a ∈ S} ∈ N0 ∪ {∞}.
For k ∈ N and b ∈ S we set
τk(S, b) = sup{min L(a− b)
∣∣ a = u1 + . . .+ uj ∈ b+ S with j ∈ [0, k],
u1, . . . , uj ∈ A(S), and b S a− ui for all i ∈ [1, j]} ∈ N0 ∪ {∞}
and
τ(S, b) = sup{τk(S, b)
∣∣ k ∈ N} ∈ N0 ∪ {∞}.
We define the ω invariant and the τ invariant of S as
ω(S) = sup{ω(S, ni) | 1 ≤ i ≤ p} ∈ N0 ∪ {∞},
τ(S) = sup{τ(S, ni) | 1 ≤ ni ≤ p} ∈ N0 ∪ {∞}.
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Theorem 2.2. If S 6= N, then for every 1 ≤ i ≤ p we have
ti(S) = max{ω(S, ni), 1 + τ(S, ni)} ∈ N≥2 ∪ {∞}.
Proof. Since S 6= N, all ni are atoms but not primes. Thus the assertion
follows from [[12], Theorem 3.6]. 
3. Numerical monoid generated by generalized
arithmetic sequences
Let S = 〈a, ha+d, . . . , ha+xd〉 be a numerical monoid where a, d, h,
and x are positive integers and gcd(a, d) = 1. If i ≥ a then ha + id =
⌊ i
a
⌋da+(ha+(i mod a)d) ∈ S. Therefore we may assume that x < a.
In this case {a, ha + d, . . . , ha + xd} is the minimal set of generators
of S ([14], Corollary 2.5). We sometimes use n0, n1, . . . , nx instead of
a, ha+ d, . . . , ha+ xd, respectively.
Theorem 3.1 ([14], Proposition 2.1). Suppose that S = 〈a, ha +
d, . . . , ha+xd〉 where a, d, h, and x are positive integers, gcd(a, d) = 1,
and 1 ≤ x ≤ a− 1. Let n = qa+ id where q, i ∈ N and 0 ≤ i ≤ a− 1.
Then n ∈ S if and only if ⌈ i
x
⌉h ≤ q.
Note that by a generalization of the euclidean algorithm every integer
n has a unique representation of the form n = qa + id with 0 ≤ i ≤
a− 1. So the above condition gives a simple membership criterion for
numerical monoids generated by generalized arithmetic sequences.
Let S be a numerical monoid and n ∈ S. The Ape´ry set associated
to n is defined as
Ap(S, n) = {s ∈ S|s− n /∈ S}.
It is easy to see that Ap(S, n) has n elements of different congruence
classes modulo n. Therefore each element of S can be uniquely ex-
pressed as kn+ w, where k ∈ N and w ∈ Ap(S, n).
Theorem 3.2 ([14], Proposition 2.6). Let S = 〈a, ha+ d, . . . , ha+xd〉
where a, d, h, and x are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤
a− 1. Then
Ap(S, a) = {⌈
i
x
⌉ha+ id|0 ≤ i ≤ a− 1}.
Let S be a numerical monoid generated minimally by n1, n2, . . . , np.
For every n ∈ S we define
Cn = {V ⊆ {1, 2, . . . , p}|∃z ∈ Z(n), V ⊆ supp(z)}.
It is easy to see that Cn is a simplicial complex and the number of
R-classes of n is equal to the number of path components of Cn. We
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define a graph Gn = (Vn, En) as
Vn = {i ∈ {1, 2, . . . , p}|n− ni ∈ S},
En = {{i, j}|n− (ni + n+ j) ∈ S, i 6= j ∈ {1, 2, . . . , p}},
with Vn and En are the sets of vertices and edges of Gn, respectively.
Then the number of path components of Cn and Gn are equal and thus
the number of R-classes of n is equal to the number of path components
of Gn.
Example. Let S = 〈5, 6, 7, 9〉 and n = 18. Then 18 can be written in
terms of minimal generators as follows:
18 = 2× 9 = 5 + 6 + 7.
C18 and G18 are depicted in Figure 1.
1
2 3
4
C18
1
2 3
4
G18
Figure 1. Cn and Gn for S = 〈5, 6, 7, 9〉 and n = 18
In the proof of [[14], Theorem 2.16] we found all elements n of a
numerical monoid generated by a generalized arithmetic sequence for
which Gn is disconnected, and we summarize it in the following Theo-
rem.
Theorem 3.3. Suppose that S = 〈a, ha+d, . . . , ha+xd〉 where a, d, h,
and x are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a − 1. Let
n ∈ S be such that Cn is disconnected. Then either n = ni + nj, with
1 ≤ i, j ≤ x, or n ∈ {pnx + nr+1, . . . , pnx + nx = (p + 1)nx}, where
p = ⌊a−1
x
⌋ and r = (a− 1) mod x.
Proposition 3.4. Suppose that S = 〈a, ha + d, . . . , ha + xd〉 where
a, d, h, and x are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a − 1.
Let n = qa+ id ∈ S be such that 0 ≤ i < a. Then
max L(n) = q − ⌈
i
x
⌉(h− 1).
Proof. First we show that max L(n) ≥ q−⌈ i
x
⌉(h−1). Let i = ⌈ i
x
⌉x− s
with 0 ≤ s < x.
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• If s = 0 then
n = qa+ id = qa + ⌈
i
x
⌉xd = (q − ⌈
i
x
⌉h)a + ⌈
i
x
⌉(ha + xd).
Therefore
max L(n) ≥ (q − ⌈
i
x
⌉h) + ⌈
i
x
⌉ = q − ⌈
i
x
⌉(h− 1).
• If s > 0 then 1 ≤ ⌈ i
x
⌉ and ⌈ i
x
⌉h ≤ q. Therefore
n = qa+ id
= qa+ (⌈
i
x
⌉x− s)d
= (q − ⌈
i
x
⌉h)a + (⌈
i
x
⌉ − 1)(ha+ xd) + (ha+ (x− s)d).
Thus
max L(n) ≥ (q − ⌈
i
x
⌉h) + (⌈
i
x
⌉ − 1) + 1 = q − ⌈
i
x
⌉(h− 1).
Now we show that max L(n) ≤ q − ⌈ i
x
⌉(h− 1). We use induction on
q to show this. If q = 0 then ⌈ i
x
⌉h ≤ 0. Therefore i = 0, n = 0, and
0 = max L(n) ≤ q − ⌈ i
x
⌉(h− 1). Now let q > 0. We have
max L(n) = 1 +max{max L(n′)|n′ ∈ {n− n0, n− n1, . . . , n− nx} ∩ S}.
So it is enough to show that for any 0 ≤ j ≤ x, if n′ = n − nj ∈ S,
then max L(n′) + 1 ≤ q − ⌈ i
x
⌉(h− 1). There are three cases.
• First let j = 0 and n′ = n − n0 = (q − 1)a + id ∈ S. Then by
induction
max L(n′) + 1 ≤ (q − 1)− ⌈
i
x
⌉(h− 1) + 1 = q − ⌈
i
x
⌉(h− 1).
• Now let 1 ≤ j ≤ i and n′ = n − nj = (q − h)a + (i − j)d ∈ S.
Then 0 ≤ i− j < a and ⌈ i−j
x
⌉ ≥ ⌈ i−x
x
⌉ = ⌈ i
x
⌉− 1. By induction
we have
max L(n′) + 1 ≤ (q − h)− ⌈
i− j
x
⌉(h− 1) + 1 ≤ q − ⌈
i
x
⌉(h− 1).
• Finally suppose that i < j and n′ = n−nj = (q−h)a+(i−j)d ∈
S. Then n′ = (q−h− d)a+(i− j + a)d with 0 ≤ i− j+ a < a.
By induction and the fact that i− j + a ≥ i we have
max L(n′) + 1 ≤ (q− h− d)− ⌈
i− j + a
x
⌉(h− 1)+ 1 ≤ q− ⌈
i
x
⌉(h− 1).

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Corollary 3.5. Suppose that S = 〈a, ha+d, . . . , ha+xd〉 where a, d, h,
and x are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a − 1. Let
n = qa+ id then n ∈ S if and only if
⌈
i mod a
x
⌉h ≤ q + ⌊
i
a
⌋d,
and in this case
max L(n) = (q + ⌊
i
a
⌋d)− ⌈
i mod a
x
⌉(h− 1).
Proof. Just note that n = (q + ⌊ i
a
⌋d)a+ (i mod a)d. 
3.1. The catenary degree. We are ready to find the catenary degree
of numerical monoids generated by generalized arithmetic sequences.
Theorem 3.6 ([4], Proposition 5). Let S be a numerical monoid min-
imally generated by {n1, . . . , np} with 0 < n1 < . . . < np. Then
(1) min{k ∈ N \ {0} | kn1 ∈ 〈n2, . . . , np〉} ≤ c(S).
Even though there are numerical monoids for which the inequality (1)
is strict, we will show that it is an equality for numerical monoids gen-
erated by generalized arithmetic sequences. Not all numerical monoids
benefit from this nice property. It even fails for numerical monoids
generated by almost arithmetic sequences (i.e., numerical monoids gen-
erated by a set for which all but one element form some consecutive
elements of an arithmetic sequence). For example any three relatively
prime integers form an almost arithmetic sequence but S = 〈6, 9, 11〉
for which we have c(S) = 4 but min{k ∈ N \ {0}|6k ∈ 〈9, 11〉} = 3.
Lemma 3.7. Let a, h, x, and d be positive integers with x < a and
gcd(a, d) = 1. Then
min{k ∈ N \ {0}| ka ∈ 〈ha+ d, . . . , ha + xd〉} = ⌈
a
x
⌉h + d.
Proof. Let c = gcd(ha+ d, . . . , ha+ xd) = gcd(h, d). Then
min{k ∈ N \ {0} | ka ∈ 〈ha+ d, . . . , ha+ xd〉}
= cmin{k ∈ N \ {0} | ka ∈ 〈
h
c
a +
d
c
, . . . ,
h
c
a+ x
d
c
〉}.
Therefore we must show that
min{k ∈ N \ {0} | ka ∈ 〈
h
c
a+
d
c
, . . . ,
h
c
a + x
d
c
〉} = ⌈
a
x
⌉
h
c
+
d
c
.
So we may assume that gcd(h, d) = 1. Let a′ = ha+d, h′ = 1, x′ = x−1
and d′ = d. Then S ′ = 〈a′, h′a′+d′, . . . , h′a′+x′d′〉 = 〈ha+d, . . . , ha+
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xd〉 is a numerical monoid generated by a generalized arithmetic se-
quence. Let q′a′ + i′d = ka with 0 ≤ i′ < a′ and ⌈ i
′
x′
⌉h′ ≤ q′ and k 6= 0.
⌈ i
′
x′
⌉h′ ≤ q′ is equivalent to i′ ≤ q′x′. Since k 6= 0 we have q′ > 0. From
q′a′+ i′d = ka we have (q′+ i′)d = (k−q′h)a and from gcd(a, d) = 1 we
deduce that there is j > 0 such that q′+ i′ = ja and k−q′h = jd. From
q′ + i′ = ja and i′ ≤ q′x′ we deduce that ja− q′ ≤ q′x′ or equivalently
ja ≤ q′(x′ + 1) = q′x. Thus, if k > 0, then ka ∈ S ′ if and only if there
are q′ > 0 and j > 0 such that
ja ≤ q′x, and k = q′h+ jd.
The minimum of k with the stated property is attained if we set j = 1.
In this case a ≤ q′x and thus ⌈a
x
⌉ ≤ q′. So the minimum of k > 0
with the property ka ∈ S ′ is when q′ = ⌈a
x
⌉ and j = 1 which is
k = q′h+ d = ⌈a
x
⌉h + d. 
Theorem 3.8. Let S = 〈a, ha + d, . . . , ha + xd〉 where a, d, h, and x
are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a− 1. Then
c(S) = ⌈
a
x
⌉h+ d.
Proof. We know that c(S) ≥ ⌈a
x
⌉h + d by Theorem 3.6 and Lemma
3.7. We complete the proof by showing that if n ∈ S is such that the
number of R-classes of n is bigger than one then max L(n) ≤ ⌈a
x
⌉h+ d.
By Theorem 3.3 we have two cases.
• First let n = ni + nj = 2ha+ (i+ j)d with 1 ≤ i, j ≤ x. Then
c(n) ≤ max L(n) = 2h + ⌊
i+ j
a
⌋d− ⌈
(i+ j) mod a
x
⌉(h− 1)
≤ 2h+ ⌊
i+ j
a
⌋d
≤ 2h+ d
≤ ⌈
a
x
⌉h+ d.
• Now let n ∈ {pnx + nr+1, . . . , pnx + nx = (p + 1)nx}, with
p = ⌊a−1
x
⌋ and r = (a − 1) mod x. If r + 1 ≤ j < x and
n = pnx + nj then n = (⌊
a−1
x
⌋+ 1)ha+ jd = ⌈a
x
⌉ha + jd and
max L(n) = ⌈
a
x
⌉h− ⌈
j
x
⌉(h− 1) ≤ ⌈
a
x
⌉h + d.
If n = (p + 1)nx then n = ⌈
a
x
⌉ha + (px+ x)d = (⌈a
x
⌉h + d)a +
(px+x−a)d = (⌈a
x
⌉h+d)a+(x−1−r)d. Since 0 ≤ x−1−r < x
we have
max L(n) = ⌈
a
x
⌉h + d− ⌈
x− 1− r
x
⌉(h− 1) ≤ ⌈
a
x
⌉h + d.
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
3.2. The tame degree. Now we find the tame degree of numerical
monoids generated by generalized arithmetic sequences.
Theorem 3.9 ([4], Theorem 16). Let S be a numerical monoid min-
imally generated by {n1 < . . . , np}. Let n ∈ S be minimal satisfy-
ing t(n) = t(S). Then n = w + ni for some i ∈ {1, . . . , p} and
w ∈ Ap(S, nj) with j ∈ {1, . . . , p} \ {i}.
Theorem 3.10. Let S = 〈a, ha + d, . . . , ha+ xd〉 where a, d, h, and x
are positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a− 1. Then
t(S) = ω(S) =
(
⌈
a− 1
x
⌉ + 1
)
h + d.
Proof. We set t = ⌈a−1
x
⌉h + h+ d and n = ta. Then
w = n− n1 = (⌈
a− 1
x
⌉h + d)a− d = ⌈
a− 1
x
⌉ha + (a− 1)d ∈ Ap(S, a)
Therefore there exists a factorization z ∈ Z1(n). Also z′ = (t, 0, . . . , 0) ∈
Z(n) \ Z1(n) and therefore t(S) ≥ t1(n) ≥ d(z
′,Z1(n)) = |z′| = t. We
complete the proof by concluding that t(S) ≤ t. Let n ∈ S be minimal
such that t(n) = t(S). Assume that z is a factorization of n such that
d(z, z′) = t(n) with z′ ∈ Zi(n). From the minimality of n, we can de-
rive that supp(z)∩ supp(z′) = ∅ and thus d(z, z′) = max{|z|, |z′|}. Let
j be in the support of z. Theorem 3.9 ensures that n− (ni + nj) /∈ S.
Thus n = (n − ni) + ni = (n − nj) + nj with n − nj ∈ Ap(S, ni) and
n− ni ∈ Ap(S, nj).
• If either i or j, say i, is 0 then n − nj = ⌈
k
x
⌉ha + kd for some
0 ≤ k < a by Theorem 3.2. Then
t(n) ≤ max L(n) = max L
(
(⌈
k
x
⌉h + h)a+ (k + j)d
)
= ⌈
k
x
⌉h + h+ ⌊
k + j
a
⌋d− ⌈
(k + j) mod a
x
⌉(h− 1)
≤ ⌈
k
x
⌉h+ h+ ⌊
k + j
a
⌋d
≤ ⌈
a− 1
x
⌉h+ h + ⌊
k + j
a
⌋d
≤ ⌈
a− 1
x
⌉h+ h + d = t.
• Let neither i nor j is 0. Assume that t(S) > t. Then either
z or z′ is greater than t. This implies that either n − ni or
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n − nj has order greater than or equal to t. Let for example
max L(n− ni) ≥ t. Since n− ni − nj /∈ S we have
⌈
(k − i− j) mod a
x
⌉h > q − 2h+ ⌊
k − i− j
a
⌋d
and therefore
max L(n− ni) = max L((q − h)a + (k − i)d)
= max L((q − h + ⌊
k − i
a
⌋d)a+ ((k − i) mod a)d)
= q − h+ ⌊
k − i
a
⌋d− ⌈
(k − i) mod a
x
⌉(h− 1)
≤ q − h+ d
< ⌈
(k − i− j) mod a
x
⌉h+ h− ⌊
k − i− j
a
⌋d+ d
< ⌈
a− 1
x
⌉h+ h + d = t,
a contradiction.
Therefore t(S) = t.
We know that ω(S) ≤ t(S). We complete the proof by showing that
ω(n, n1) ≥ t, where n = ta. We saw that n1 ≤S n; again we consider
the decomposition
n = a + . . .+ a︸ ︷︷ ︸
t−times
.
Then n− n1 ∈ Ap(S, n0); so n1 S n− n0, ω(n, n1) ≥ t, and therefore
ω(S, n) ≥ t. 
Remark 3.11. In [[12], Theorem 4.6] it has been shown that in a large
class of Krull monoids, the tame degree coincides with the τ invariant,
whereas in numerical monoids generated by generalized arithmetic se-
quences it coincides with the ω invariant.
Remark 3.12. Let S = 〈a, a+ d, . . . , a+xd〉. In [4] the catenary degree
and the tame degree of S are found as
c(S) = ⌈
a
x
⌉ + d, t(S) =
{
⌈a
x
⌉+ d if a mod x = 1,
⌈a
x
⌉+ d+ 1 otherwise.
Since
⌈
a− 1
x
⌉ + 1 =
{
⌈a
x
⌉ if a mod x = 1,
⌈a
x
⌉+ 1 otherwise,
our results for h = 1 agree with these results.
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Remark 3.13. Let S = 〈a, ha+ d, . . . , ha+ xd〉 where a, d, h, and x are
positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a− 1. Then
t(S)− c(S) =
(
⌈
a− 1
x
⌉+ 1− ⌈
a
x
⌉
)
h.
If (a mod x) 6= 1 then ⌈a−1
x
⌉ + 1 − ⌈a
x
⌉ = 1 and therefore, even if the
number of minimal generators is fixed, t(S)−c(S) can be arbitrary large
as h tends to infinity. The fact the difference of the tame degree and
the catenary degree is growing holds for Krull monoids with cyclic class
group or whose class group is an elementary 2-group, and every class
contains a prime divisor (in both cases the difference grows with the
Davenport constant). These follow from Proposition 6.5.2(2), Theorem
6.5.3(1), and Theorem 6.4.2 in [10].
Remark 3.14. Let S = 〈a, ha+ d, . . . , ha+ xd〉 where a, d, h, and x are
positive integers, gcd(a, d) = 1, and 1 ≤ x ≤ a − 1. It is known that
[[14], Theorem 2.8]
g(S) = ⌈
a− 1
x
⌉ha + ad− a− d.
Let
B =
g(S) + np
n1
+ 1 = (⌈
a− 1
x
⌉+ 1)h+
x− 1
a
d.
Then
B − t(S) =
x− 1
a
d
and
B−c(S) = (B−t(S))+(t(S)−c(S)) =
(
⌈
a− 1
x
⌉+1−⌈
a
x
⌉
)
h+
x− 1
a
d.
Firstly let (a mod x) = 1. Then c(S) = t(S) while B − c(S) =
(x− 1)d/a can be arbitrary large as we let d goes to infinity.
Secondly let (a mod x) 6= 1 and choose d so that (x−1)d < a. Then
⌊B⌋ = t(S) while B − c(S) = h+ (x− 1)d/a can be arbitrary large as
we let h goes to infinity.
Acknowledgment
We thank A. Geroldinger, P. A. Garc´ıa-Sa´nchez and S. T. Chapman
for their help in developing this paper.
THE CATENARY AND TAME DEGREE OF NUMERICAL MONOIDS 13
References
[1] J. Amos, S. T. Chapman, N. Hine and J. Paixao, Sets of lengths do not char-
acterize numerical monoids, Integers 7(2007), #A50
[2] D. F. Anderson, S. T. Chapman, N. Kaplan, D. Torkornoo, An Algorithm to
compute ω-primality in a numerical monoid, preprint.
[3] C. Bowles, S. T. Chapman, N. Kaplan, D. Reiser, On Delta sets of numerical
monoids, J. Algebra Appl., 5 (2006) 1–24.
[4] S. T. Chapman,P. A. Garc´ıa-Sa´nchez, D. Llena, The catenary and tame degree
of numerical semigroups, Forum Math. 21(2009), 117–129.
[5] S. T. Chapman, P. A. Garc´ıa-Sa´nchez, D. Llena, V. Ponomarenko, J. C. Ros-
ales, The catenary and tame degree in finitely generated commutative cancel-
laive monoids, Manuscripta Math.,120 (2006) 253–264.
[6] S. T. Chapman, P. A. Garc´ıa-Sa´nchez, D. Llena, J. C. Rosales, Presentations of
finitely generated cancellative commutative monoids and nonnegative solutions
of systems of linear equations, Discrete Appl. Math., 154 (14) (2006) 1947-1959.
[7] S. T. Chapman, M. T. Holden, T. A. Moore, Full elasticity in atomic monoids
and integral domains, Rocky Mountain J. Math., 36 (2006) 1437–1455.
[8] M. Delgado, P. A. Garc´ıa-Sa´nchez, J. Morais,“Numericalsgps”:
a GAP [18] package on numerical semigroups.
(http://www.gap-system.org/Packages/numericalsgps.html).
[9] A. Geroldinger, D. J. Grynkiewicz, W. A. Schmid, The catenary degree of
Krull monoids I, To appear.
[10] A. Geroldinger, F. Halter-Koch, Non-unique facorization: Algebraic, Combi-
natorial and Analytic Theory, vol. 278, Chapman & Hall/CRC, 2006.
[11] A. Geroldinger, F. Halter-Koch, Non-unique facorization : a survey, Multi-
plicative Ideal Theory in Commutative Algebra, Springer, 2006, 207-226.
[12] A. Geroldinger, W. Hassler, Local tameness of v-notherian monoids, J. Pure
Appl. Algebra 212 (2008) 1509-1524.
[13] G. L. Matthews, On numerical semigroups generated by generalized arithmetic
sequences, Communications in Algebra 32(9) (2004), 3459-3469.
[14] M. Omidali, F. Rahmati, On the type and minimal presentation of certain
numerical semigroups, Communications in Algebra 37(4) (2009), 1275-1283 .
[15] J.C. Rosales, P.A. Garc´ıa-Sa´nchez, Numerical Semigroups, Developments in
Mathematics, Vol. 20, Springer, 2010.
[16] O¨. J. Ro¨dseth, On a linear diophantine problem of Frobenius II, J. Reine
Angew. Math. 307/308 (1979) 431-440.
[17] E. S. Selmer, On the linear diophantine problem of Frobenius, J. Reine Angew.
Math. 293/294 (1977) 1-17.
[18] The GAP Group, Gap – Groups, Algorithms, and Programming, Version 4.4,
2004. (http://www.gap-system.org).
Department of Mathematics, Bu-Ali Sina University, Hamedan, Iran
E-mail address : mehdioa@gmail.com
